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1. INTRODUCTION 
In [2], Bongartz and Gabriel introduced the notion of simply connected 
algebras. These algebras are important in the sense that they provide useful 
information for dealing with representation-finite algebras. 
As Bongartz showed in [4], simply connected algebras having a sincere 
indecomposable module seem to be of interest. In fact, Bongartz [4] deter- 
mined these algebras with sufficient simple modules. Since any indecom- 
posable module is a sincere indecomposable module over its support 
algebra (which is a convex in the original algebra as proved in [6]), any 
simply connected algebra is a factor ring of a direct product of rings with 
sincere modules. Therefore we may consider that the quiver of a simply 
connected algebra is an interlacing of particular quivers which we call later 
elementary QF-3 quivers. Here we are most concerned with showing how 
to interlace elementary QF-3 quivers and how to give them relations to 
construct all simply connected QF-3 algebras. 
In Section 3, we shall determine all the elementary QF-3 algebras of 
finite-representation type which are algebras with a sincere indecomposable 
projective injective module. It is remarkable that these algebras are tilted 
algebras and that some of them do not appear in [4]. (See the list in Sec- 
tion 5.) 
In Section 4, we shall show the main theorem. It is the theorem with 
which we can construct any simply connected QF-3 algebra which has a 
direct sum of given indecomposable projective injective modules as a 
minimal faithful module. And it is also required to remark that 
Theorem 4.4 is valid for simply connected algebras of infinite type 
generalized in [7]. 
206 
0021-8693/87 $3.00 
CopyrIght ‘(” 1987 by Academc Press, Ix 
All rlghts of reproduction m  any form reserved. 
SIMPLY CONNECTED QF-3 ALGEBRAS 207 
Further we shall find out for a quiver and relations the properties that 
the direct sum of indecomposable projective injective module is faithful. 
2. NOTATIONS AND PRELIMINARY LEMMAS 
Throughout this paper, an algebra R means a simply connected algebra 
over an algebrically closed field K in the sense of Bongartz [7]. For the 
definition, see BongartzzGabriel [2]. 
Let R = P, @ ... 0 P,, be a decomposition of R into indecomposable 
projective modules and put Pi = eiR (i = l,..., n) for primitive idempotents 
e,‘s. 
We call R a QF-3 algebra if there are some indecomposable projective 
injective modules I, ,..., I such that I, 0 . . . @I, is faithful. Of course, this 
definition is equivalent to the property that R has a minimal faithful 
module as proved by Colby-Rutter. For details, see [14]. 
If U, is indecomposable, we denote its support algebra by S(U), i.e., 
S(Uj = eRe, here e is a sum of primitive indempotents ei’s such that 
Ue, #O. Bongartz [4] proved that S(U) is also simply connected if R is 
simply connected. 
Since the following lemma is well known, we omit the proof. 
LEMMA 2.1. Dim, eRf Q 1 for a simply connected algebra R and its 
primitive idempotents e and f: 
If R is an algebra, we denote its quiver by QR; i.e., vertices of ‘QR are 
isomorphism classes of indecomposable projective modules and there is an 
arrow [eR] + [fR] if ,f(N/N2)e # 0, here N is a radical of R. 
If R is simply connected, then R z KQ,JI for some two sided ideal I of 
KQR, here KQR is a path algebra of a quiver QR. Also QR is endowed with 
a partial order. Here an order of a quiver is defined as follows. 
Let Q be a quiver without oriented cycles. Then a partial order < is 
defined as a< h means that there is a path from a to b in Q. We denote 
[a, b] a full subquiver of Q consisting of vertices q such that a<q< b. 
Let R E KQJZ be a simply connected algebra. By BautistaaLarrion- 
Salmeron [ 11 and Bongartz [4], the algebra whose quiver is a connected 
component of a quiver given by removing a maximal vertex in QR is also 
simply connected. 
For a vertex q in Q, we denote an indecomposable projective module, an 
indecomposable injective module and a simple module corresponding to q 
by P(q), J(q) and k(q) respectively; i.e., P(q)2 (KQ,JZ)(-, q), J(q) g 
D((KQJZ)(q, -)) and k(q) z P(q)/rad P(q), here D is a duality Hom,(-, K). 
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Furthermore for a module M, we put a K-space M(q) = Hom.(P(q), M) 
for each vertex q in Q. 
PROPOSITION 2.2. Let Q be a quiver such that KQ/I is a simply connected 
algebra for some two sided ideal I. For any subquiver of Q’ of the form 
a-+b,+...+b,, 
Q’: 1 
I 
if Q’ has no common vertices and if there is no non-oriented path 
b,-d,- ‘.’ -d,-cl such that a 6 di $ d, then a path a-+b, --, “. + 
b, + d is not contained in I. 
ProoJ Assumea-+b,-+ ... -+ b,, -+ d is contained in I. We may assume 
J(a)/socJ(a)=M@N@ ..., such that M(b,)#O and N(c,)#O, here 
socJ(a) is a socle of J(a). In case of M(b,)#O and M(c,)#O, there is a 
subquiver 
a-+b, + ... -+b* 
I I 
C,+ ... +c*+d* 
of Q but not contained in I, By assumption, there is no path from d* to d. 
Hence by removing a maximal vertex one after another, we can get simply 
connected algebra whose quiver has the subquiver stated in the assumption 
and satisfies M(b,) # 0 and N(c,) # 0. 
We choose vertices a = b,, b,, ..., b Y = d from a, d and hi’s such that 
b,,+b,,+]+... +b,,+,isnotinZ,butb,,+b,,+,+~.. -+b,+,-+b,,+,+,is 
in I. 
Then we have a chain of maps ,1(a) -+ M-+ k(b,,) + J(b,,) -+ ... + 
k(btY) -+ J(d), each of which is an epimorphism or a monomorphism, here 
the first map is canonical, an isomorphism M/rad Mz k(b,,) assures the 
existence of second map and another maps exist since J(b,,) is an injective 
hull of k(b,,) and J(b,,)/radJ(b,,)gk(b,,+,). 
But same as above, we have a chain of maps J(a) -+ N-+ ... --f J(d). On 
the other hand, since kQ/Z is simply connected and J(a) is injective, M and 
N have no common successors. This is a contradiction. 
Remark. A subquiver Q’ in Proposition 2.2 is called a minimal rec- 
tangle. 
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Proposition 2.2 shows the more concrete version of the result in [9, 5.11: 
“If there is a nonzero path from a to b, then any path from a to b is non- 
zero.” with respect to zero-relations of a rectangle. 
As shown by the above fact, the notation of faithfulness of an indecom- 
posable module can be replaced by more special notion “sincereness.” This 
result was first proved by Happel-Ringel in [ 11, Theorem 8.51. 
We call an indecomposable module M sincere if M(q) # 0 for all vertices 
q in a quiver of an algebra. 
LEMMA 2.3. Assume R is a simply connected algebra. Then 
( 1) An indecomposable module is faithful1 iff it is sincere. 
(2) If P is an indecomposable projective injective module, then P is a 
faithful projective injective module over S(P). 
(3) If R is a QF-3 algebra with a faithful projective injective module 
P, 6~ .. 0 P,, then each S(Pi) is a QF-3 algebra with an indecomposable 
faithful projective injective module P,. 
Proof (1) is the result of Happel-Ringel [9]. 
By (1) P is a faithful module over S(P). It is clear that P is indecom- 
posable projective injective over S(P). Hence (2) holds. 
(3) follows from (2) immediately. 
Remark. The converse of (3) is not generally true. 
We should discuss in Section 4 under what conditions the direct sum of 
projective modules is faithful. 
3. ELEMENTARY QF-3 ALGEBRAS 
In this section, we study simply connected QF-3 algebras with an 
indecomposable faithful projective injective module. We call these algebras 
elementary QF-3 algebras. All the elementary QF-3 algebras of finite 
representation-type are listed at the end of this paper. 
LEMMA 3.1. The quiver of an elementary QF-3 algebra has the smallest 
vertex and the largest vertex and any vertex is connected with both of them 
by nonsero paths. 
Proof We denote an indecomposable faithful projective injective 
module by P. Since P is sincere, Hom,(P’, P) # 0 and HomJP, E) # 0 for 
any nonzero projective module P’ and nonzero injective module E. By [2], 
a simply connected algebra is isomorphic to a full subcategory consisting of 
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indecomposable projective modules and also a fuli subcategory consisting 
of indecomposable injective modules. The vertices of QR corresponding to 
P in the two full subcategories are just the smallest vertex and the largest 
vertex, respectively. 
THEOREM 3.2. Let R E KQ/I he an elementary QF-3 algebra. Then I is 
generated by all the commutative relations. Particularly there are no zero- 
relations in I. 
Proof We remark that a subquiver appeared in a statement of 
Proposition 1.2 has the commutative relation by Lemma 1.1 and 
Proposition 1.2. 
First, we show the latter part. Assume there is a nonzero x 2 ... “I -+ y. 
Le;, a beAthe smallest vertex in Q. Then there are two paths a 2 . . . 2 x and 
a --t ... + y not belonging to I. Consider two paths h, . h, and 
f,. ..fi g, ... g,, then the subquiver consisting of vertices between two 
common vertices on two paths has a commutative relation by above 
remark, hence 0 # h, . h, = Isf,. .f, S,,, .. . gl for some nonzero k in K by 
Lemma 2.1, here the symbol “f’ means a residue class off in KQ/Z. This is 
a contradiction. 
Next, we show the former part. We choose i = CY,.VEPO C*,= \.,=*=., kZz in 
Z, here k,E K and z is a path from a vertex *-7 to a vertex c*. In case of 
KQ[x, y] # 0, we choose a representative zr,, of a path from x to y. Since 
ZJ,.+ # 0 by the first part, then .? = k- _ Z _ -,A ‘., -X? 7 with k,Zr, E K for any z such 
that *z = x and z* = y. Hence 0 = i = C r.yE aoE*z = ,.,i =.” kk,~y,~ )C,.,- The 
sum of the right-hand term of the equation is a direct sum as K-space, 
hence x*== + =.,, k,kZ,ZX,, =O. Thus i=i-O=C,,.,, C*,= r,_*=,,k,(z- 
k=,;,,,z,,.,.). From these {k =,_,,, }, we can rechoose z,,, such that k:>,,,, = 1 by 
[2] or [8]. Hence the assertion is valid. 
Let R be an elementary QF-3 algebra of finite-representation type with a 
tree T and its grading g. The module P(t) corresponding to a vertex t in T 
whose grading is unique maximal is projective injective. Since P(t) is 
indecomposable injective, rad P(t) is indecomposable, hence t has only one 
neighbour. So we get a simply connected algebra E with a tree T\{ t} and a 
grading g 1 T\ { t }. Clearly B has a sincere indecomposable module 
rad P(t). 
LEMMA 3.3. Let QR and QB be quivers of algebras R and B stated before, 
respectively, and x a vertex of QR such that the projective module R(-, x) 
appears in a DTr-orbit described with t. Then 
(1) QR is a quiver given by adding a vertex x to Qe as unique maximal 
vertex. 
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(2) rad P(x) is a sincere injective B-module and isomorphic to 
DB(s, --), here s is a unique minimal vertex on QB. 
(3) R and B are tilted algebras. 
Proo$ It is clear except that that rad P(x) is an injective B-module. 
Assume rad P(x) is noninjective over B, then dim, r-’ rad P(x) = 
(d&l, t-1 rad P(x) + d&r, rad P(x), 1) is positive, hence rad P(x) is a non- 
injective R-module. Here dim means a dimension vector of modules. 
Further d&r. P(x) = (dim, rad P(x), I), hence dim, z -‘P(x) = 
dim, rr’ rad P(x) -d&, P(x) = (dim, rr’ rad P(x), 0). Hence P(x) is a 
noninjective R-module, which is a contradiction. 
We must recall the classification f a complete slice of an algebra B and 
a subtranslation quiver consisting of successors of its slice to get all the 
elementary QF-3 algebras. 
Remark. The referee informed the author that all the elementary QF-3 
quivers could be found out from the list of Loupias [12] since these 
quivers with relations just become partially ordered sets by Theorem 3.2. 
But we would like to explain how to find out all the elementary QF-3 
quivers for being self-contained. These are different from [ 121. 
The complete slice of B is one of the following four quivers, here 
-x0 = rad P(x). 
(1) k,s, t, j>l, s>t, i>O, 
1 
d, + ... -+d,. 
(2) s>t3j>l,iaO, 
Yl + ... + y,. 
481/106/l-14 
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d, + ..’ +d,, 
(4) i 9 0, 
x()-XI -+ ... --bxi. 
Let r, be an Auslander-Reiten quiver of B and s, a starting function at 
x; i.e., s,(y) = dim, K(T,)(x, y), here K(T,) is a mesh category of Ts. 
Next, we must determine an algebra B which has a complete slice of 
above types. This is done by finding out injective modules. QB has unique 
minimal vertex, s,~( y) # 0 for any injective vertex y and x0 = rad P(x) in 
r,, hence the classification f quivers which has a complete slice of above 
types is completely determined in [ 131, thus we can find full subquiver of 
rB whose vertices are successor of x,,. The concrete method after this is 
same as Bongartz [4]. So we only list up all the elementary QF-3 algebras 
to avoid an unnecessary lengthy. 
THEOREM 3.4. The quiver qf the elementary QF-3 algebras of finite- 
representation type is one of quivers or opposite quivers listed at the end qf 
this paper all with possible commutative relations. 
4. THE CONSTRUCTION OF SIMPLY CONNECTED QF-3 ALGEBRAS 
The purpose of this section is a construction of simply connected QF-3 
algebras. 
First, we give some definitions and remarks which are useful to state and 
prove our results. 
A quiver embedding f: Q + R between quivers Q and R means a pair of 
functions f. and f, which satisfy the following properties (i) and (ii); 
(i) fo: Q, + R, is an injection between sets of vertices, 
(ii) f, : Q, -+ R, is a map between sets of arrows such that if ~1: a -+ b 
is an arrow in Q, then f,(x) is an arrow fo(a) + f,(b). 
We write Q 5 R if there is a quiver embedding f: Q -+ R. Also we call Q 
a subquiver of R. Related to this definition, we remark that the quiver of a 
support algebra of an indecomposable module M is embedded into QR 
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since this algebra is a convex in QR as proved in [6] (i.e., a, b E S(M) 
implies [a, b] E S(M)). 
PROPOSITION 4.1. Let R z KQ/I be a simply connected algebra and 
P, , P, nonisomorphic indecomposable projective injective modules. We put 
canonical embedding f, : QI + Q and fi : Q2 + Q where Q1 = QsCp,, and 
Qz = Qw,,. Then f,(Q,) n f2(Q2) is empty or [a, b] for some vertices a, b 
in Q. 
Proof: Assume f,(Ql) n fi( Q2) is nonempty. Then this quiver has a 
unique minimal vertex. Otherwise there exist two vertices b and b’ which 
are maximal vertices satisfying the property that b and b’ belong to a 
fi(Q,) n f2(Q,) and are incomparable, so we consider a subquiver 
a:b-+ ... +q+ .‘. .+ 6’ through b, 6’ to some vertex q such that c1 has no 
common vertices and each arrow of a is in f,(Q,)\f,(Q,). Since there is a 
subquiver /I for fi(Q2) same as above and b and 6’ are maximal and 
incomparable, we can construct a quiver 
b -+ “’ + q 
1 T  
Q’: ; ; 
1 t 
q’ t . . . t b’ 
with no relations and no path connecting a and /I by removing maximal or 
minimal vertices from a quiver Q. On the other hand, KQ’ must be simply 
connected, but this is a contradiction. By a similar discussion, we can prove 
the existence of the unique minimal vertex. 
Let a and b be a minimal and a maximal vertex in f,( Ql ) n fi( Q2), 
respectively. To show f,(Q,)n,f2(Q2)= [a, b], it suffices to prove that if 
a<x<b, then x is a vertex of fi(Q,)n f2(Q2). Assume x is not in f,(Q,), 
then there exist two paths tl: a + .. . + b -+ ... -+ d and p: a -+ . .a + 
.x+ ‘.. -+/p-t ... + d, here d is a maximal vertex of f,( Q, ) and a is a path 
in f,(Q,). Since x is not a vertex of fi(Q,), /I = 0 (mod I). On the other 
hand, c( f 0 (mod I) since LX is a path in f,(Ql). This is a contradiction 
from the remark after Proposition 2.2. 
LEMMA 4.2. Under the assumption of Proposition 4.1, a is a minimal ver- 
tex in f,(Q,) lff b is a maximal vertex in f2(Q2). 
Proof: It suflices to prove that there are no two paths satisfying the 
property a -+ ... -+ b -+ c in f,(Q,) and a -+ ... -+ b -+ d in f2(Q2) but not 
in I. In this situation, P, z D((KQ/Z)(a, -)) since P, is indecomposable pro- 
jective injective. Hence d is a vertex of f,(Q, ), which is a contradiction. 
214 MASAHISA SAT0 
Next we characterize the faithfulness ofa projective injective module in 
terms of zero-relations and the properties of arrows in QR. 
THEOREM 4.3. Let Rg KQJI be a simply connected algebra and 
P,@ ... Q P, a direct sum of indecomposable projective injective modules 
Pi’s uch that for any primitive idempotent L there exists ome Pi such that 
Pif+ 0. We put Qi = Qscp,) and denote by f, a canonical embedding Qi + QR 
for i= I,..., t. Then the following statements are equivalent. 
(1) P, @ ... 0 P, is faithful. 
(2) Any arrow in QR is an arrow in some Qj and when 
L(Q,) nf;(Qj) = [a, bl and a<a’< b’< b, for an arrow u +a in 
fj(Q,)\fAQ;) and a path b --, ... + c in .fAQ,)\f,(Q,L if a path 
u + a’ + . . . + b’ -+ . + c belongs to no j;.(Q,s), then it belongs to I. 
ProoJ: We identify Qj and x.(Q,). Let e, ,..., e be primitive idempotents 
such that P, = e, R ,..., P = e,R. Here we denote by [g] a vertex of QR 
corresponding to gR for a primitive idempotent g. 
First, assume (2). It suffices to show if (e, R + . + e,R)r = 0 for some r 
in R, then fre = 0 for any primitive idempotents e and f: 
Assume ,fre #O for some f and e. Then there is a nonzero path 
[el= Cihl+ Csll -+ ... + [g,,] = [,f] in KQ,/I. We put m a minimum 
number such that e, RfRg, #O for some e,. We remark 0 <m < n since 
eiRfRf # 0 for some j by assumption and e,RfRe = e,Rfre = 0 by 
Lemma 2.1 and e,Rr = 0. By assumption, there is a path [g, ~ r ] -+ 
Cg,,l + ... + Ce,l in Q, for some j. By Theorem 3.2, [g,, ~, ] 
c&n1 + ... -+ [ej] does not belong to I. By Proposition 4.1, there are g 
and g’ such that Q,nQj= [g, g’] and g,, g,YE [g, g’]. Since [g,,-,] -+ 
Csml+ .” + Cs.,l+ “’ -+ [f ] belongs to no Q, (p = l,..., t) and 
[g,-,] + [g,] is an arrow in Qj\Qi and [g,V] -+ ... -+ [,f] is a path in 
Q,\Qj, Cg,-II-+ Cg,l+ ... + Cg,l-+ ... -+ Lfl below to 1 by 
assumption, hence [e] + ... -+ [f ] belongs to I, which is a contradiction. 
Next we prove (1) implies (2). Assume there is an arrow [f ] + [e] in 
QR which is not an arrow in any Qi. By Lemma 2.1, we can put eRf = Kerf 
for some r in R. We show (e,R+ ... +e,R)erf=O and erf#O. By 
assumption, we may assume e, Re # 0. Hence e,ReRf = 0, otherwise 
O#e,ReeRf =eiRf by Lemma2.1 and [f] + [e] is an arrow in Q,. 
Next in a situation of a latter part of (2), assume a path 
b: u -+ a’ + . . . + b’ -+ . . . -+ c is not in I, then the element in eRf 
corresponding to x (here [e] = c and [f ] = U) is not zero and 
(e,R+ ... +e,R)x=O since any path u+a’-+ ... +b’-+ ... --t 
c -+ + ej belongs to I for every i = l,..., t this is a contradiction. 
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We call a connected quiver with a relation ideal I a QF-3 quiver if it 
satisfies the following conditions ( 1 )-( 7): 
(1) There are elementary QF-3 quivers Q,,..., Q, and their embed- 
dings fr,..., f , into Q. 
(2) fi(Q,)u ... uf,(Q,) = Q and Q has no oriented cycles with the 
partial order <. 
(3) All the maximal vertices (resp. minimal vertices) are mapped to 
different vertices each other. 
(4) For any pair of quivers Qi and Qj, fj(Qi) nf,(Qj) is empty or 
[a, h] for some vertices a and h, which satisfies the property (*); 
(*) b is maximal in f,(Qj) iff a is minimal in f;(Q,). 
(5) The generators of 1 are as follows; 
(i) The commutative relation of minimal rectangles. 
(ii) For quivers Q,, Q, such that fi(Q;)nfi(Q,) = [b, c] and ver- 
tices b’ and c’ such that b < b’< cl< c, the zero-relation of a path 
a+&-+ ... +c’+ ... +d-+e such that a+ 6’ is an arrow in 
fdQi)\f;(Qj) and b’ -+ ‘.. -+ d + e is a path in f;(Qj)\fi(Qj) whose com- 
position with a + b’ belongs to no f,(Q,), but a + b’ + ... -+ c’ + ... -+ d 
belongs to some f,( Q,,). 
(6) Assume f;( Qi) r\fj(Q,,) = [c, d] and there exist arrows a + c in pi 
and b + c in Qj such that there are nonzero path y + ... + a + c and 
y+ ... +b-+c. Then there exist no nonoriented path 
a-x, - ... -x,-b with such that c -I: xi for i= l,..., t.
(7) KQ/r is representation-finite. 
Remark. (i) From (3), (4) and (5), the following statement holds. 
(H) In the case fi(Qi) nfi(Qj)=[u, b], the composition of a path -. 
a + ... -+ b -+ c in f;.(Qj) and a path [ei] + ... -+ a in fi(Qi), here [ei] IS a 
minimal vertex in fi(Qi), belongs to no f,(Q,). 
Otherwise, fJ(Q,) nfi(Qi) = [ [ei], b] and [ei] is a minimal vertex of 
fj(Qi), hence b must be a maximal vertex of f,(Q,), which contradicts that 
there is an arrow b -P c in f,(Q,) 
(ii) From (5), it holds that for any path [ei] -+ ... + b in Qi and an 
arrow b + c not in Qi, a path [ei] + . .. + b + c is in 1 Of course, the 
opposite statement holds. 
We shall give the main theorem which makes possible to construct any 
simply connected QF-3 algebras (of finite representation type). 
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THEOREM 4.4. Let Q be a quiver with the relation ideal 1. Then KQ/f iJ 
simply connected QF-3 algebra $7 Q is a QF-3 quivers. 
Proof: First assume KQ/r is a simply connected QF-3 algebra. In this 
case, there are projective injective modules P,,..., P , such that their direct 
sum is faithful and they are nonisomorphic each other. We put Qi a quiver 
of a support algebre S(P,) for each i = l,..., n. Then Qi is an elementary 
QF-3 quiver by Lemma 2.3(3) and there is a canonical embedding by [6]. 
Hence (1) holds. 
We identify Qi and fi(Q,) in the following if there is no confusion. 
Since PI@ ... @P, is faithful, fi(QI)u ... ufiJQ,!)=Q by 
Theorem 4.3. Of course, Q has no oriented cycle. 
(3) holds since P&ad P, ,..., PJrad P,, (resp. Soc(P,) ,..., Soc(P,,)) are 
pairwise nonisomorphic. 
(4), (5)(i), and (5)(ii) are already proved in Proposition 4.1, Lemma 2.1, 
and Theorem 4.3. 
Last, we prove (6). But this is a special case of the following useful 
theorem proved by Bautista-Larrion-Salmeron [ 1, Theorem 2.21, that is, 
if Q has no oriented cycles (and KQ/lis representation finite), then KQ/lis 
simply connected iff each indecomposable projective module has separated 
radical. 
Next, we show that if Q is a QF-3 quiver with relation I induced from 
(5), then KQ/r is a simply connected QF-3 algebra. 
Let a;, b, be a maximal and a minimal vertex of Q,, respectively, and 
Pi = KQ/&, a;) an indecomposable projective module for each i = l,..., n. 
First, by the Remark (iii), we get Qscp,, = Q;. Consider the opposite case, 
the quiver of support algebra of Hom,(KQ/&b,, -), K) is also Qi by (5), 
hence P, is injective. Thus P, 0 ... BP,, is projective injective. IfKQ/r is 
simply connected, then P, @ ... 0 P, is faithful by the properties (2), 
(5)(ii) and Theorem 4.3. 
Last, we prove KQ/r is simply connected using the result in [l] stated 
above again. 
Assume KQ/lis not simply connected. Then there is a vertex c such that 
rad P(c) has not separated radicals. That is, there are a path a --t c+- b and 
nonoriented path a -x1 - . . . -x,, -b such that a and b belong to sup- 
ports of different direct summands of rad P(c) each other and x,,..., X are 
not larger than c. 
By (2), a + c and b --, c belong to some QJ and Qr, respectively. Here Q, 
and Q, are differenr otherwise there are nonoriented paths 
[es1 + ... +a-+c and [e,]+ ... -+ b -+ c from a minimal vertex [e,] in 
Qs. Since Q,Y n Q, 3 c, there are vertices c’, d such that Q, n Qr = [c’, d’]. It 
must be c’ = c, otherwise, there is a subquiver; 
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[e,] + ... + a 
1 I 
1 I 
c’ -+ ‘.. -+c t I 
1 I 
[e,] + ... -+ h 
such that the upper square is in QS and the lower in Q,, which contradics 
that a and b are in different supports of rad P(c). 
If {s, t } # {i, j}, then Q contains subquiver 
1 1 
+c+ or -+C-+ 
t t 
with no relations. But these subquivers never exist by assumption (7). 
Hence so KQ/r is simply connected by [ 1 ] Theorem 2.2. 
This completes the proof of the theorem. 
EXAMPLE. (1) Consider two quivers with relations; 
6) 1 4 
1 1 
2-+5 
1 1 
3 6 
relations 
[ 1,5] = [2,6] = 0, 
(ii) 1 4 
\J 
2 
J\ 
3 6 
relations 
[ 1,6] = [4,3] = 0. 
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Both have projective injective modules KQ/&, 3) and KQ/&, 6). But (i) 
is not a QF-3 algebra since there is a path 2 -+ 5 which is not an arrow in 
1-+2+3and4+5-+6. 
(2) The following two quivers with relations are QF-3 quivers. 
(i) l-+2+3+4+5+6-+7+8-+9 
relations; [ 1, 71 = [Z, 81 = 0. 
(ii) 
8 
J 
12 
relations; [2, 111 = [ 10, 51 = [S, 43 = [9, 111 = [2, 71 = 0. 
5. THE LIST OF ELEMENTARY QF-3 QUIVERS 
In a following, the symbol - means an arrow t or + and ( ) means that 
any number of arrows in a parenthesis can be removed in a quiver. Any 
squares have commutative relations and there are no other relations. 
P:. 
0 + P 0 
+ 
+ 
0 
0 4 
o-tot0 
4 
t 
mole 
+ 
4 
+ 
o+o+o 
o+o*o 
+ 
+ 
0-o 
t 
4 
0 
+ 
t 
0+;? 
f 0 
4 
0 
0 
+ 
E 
+ 
t 
0’0 
4 
0 
0 + 
0-o 
+ 0 4 
+ 
0 
o- 
0 
+ 
4 
- + 0 
4 
+ 0 
+ 
0 
z- 
+ 
0,; 
+ 0 
+ 
T o+o 
+ 
0 
2‘0 
+ 
0 
T 0 4 
0+?5 
+ 
+ 
0 + 
o+o 
+ 
+ 
0’0 
+ 0 + 
0 9 
s + 0 
+ 
o+z 
+ 
+ 
0-0 
0 
+ 
+ 0 
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